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We study “internal” work optimization over the energy levels of a generic hot quantum Otto
engine. We find universal features in the efficiency that resembles the classical “external” power
optimization over the coupling times to the thermal baths. It is shown that in the ultra hot regime
the efficiency is determined solely by the optimization constraint, and independent of the engine
details. We show that for some constraints the radius of convergence of the perturbative approach
used in the classical analysis is zero even for very arbitrarily low efficiencies at small temperature
difference.
Carnot’s discovery of a universal efficiency upper
bound for heat engines had a profound impact on physics
and engineering. Yet, in practice to approach this effi-
ciency bound the system needs to be reversible and that
leads to infinitely slow cycle time and vanishing power
output. This motivated extensive studies under the title
of “finite-time thermodynamics” (see [1, 2] for review ar-
ticles). More importantly, efficiency is only a secondary
design goal. First the engine must be capable of doing
the task it is designed to: lifting a weight in a given time,
accelerating a car etc. In general the efficiency depends
on the heat transfer mechanism between the system and
the bath. Nonetheless, some universal features were dis-
covered when the power output is maximal. In this work
we study the universality of efficiency at maximal output
of quantum Otto engines. In the engines studied here,
the working substance is a single particle that consti-
tutes an N -level system. In the adiabatic stroke of the
quantum Otto engine the levels of the particle must be
varied in time. In real systems this level variability is lim-
ited by practical considerations. For example in Zeeman
splitting the maximal gap is determined by the maxi-
mal available external magnetic field. In other systems
it may be the power of the laser. In this work we study
the optimal output of engines subjected to this type of
constraints. We find that the details of the engine are
irrelevant when the baths are very hot. The efficiency at
maximal output is determined only by the nature of the
constraint and the temperatures. For some family of con-
straints the universality features can be expressed using
a perturbative approach analogous to the classical anal-
ysis, but we also identify constraints cannot be treated
with perturbation theory.
Typically in classical engines the equation of state of
the working substance is known and the output optimiza-
tion is done by changing the coupling time to the baths.
The output power may change from system to system but
it was observed that for some classes of classical engines
the efficiency at maximum power has universal features.
In particular in [3, 4] it was shown that in the low dissi-
pation limit the efficiency at maximum power satisfies:
ηc
2
≤ ηLD ≤
ηc
2− ηc
, (1)
where ηc is the Carnot efficiency. The same results were
obtained in [5, 6] for different thermalization mecha-
nisms. In the low dissipation scenario, the special case
where the coupling coefficients to the cold and hot baths
is the same (symmetric case) yields the Curzon-Ahlborn
[7–9] efficiency,
ηCA = 1−
√
Tc/Th. (2)
ηCA was originally obtained by applying the Newton heat
transfer law. Features of universality appear in the Tay-
lor expansion of the efficiency in terms of the Carnot
efficiency. In [10] it was shown that:
ηPmax =
ηc
2
+
η2c
8
+O(η3c ). (3)
The 12 factor of the linear term is universal and the sec-
ond term is universal for systems that have a “left-right”
symmetry. For studies of efficiency in different model see
[11–14] and references therein.
In this work we study work optimization for quantum
Otto engines [15]. The working substance is a single N -
level particle that is coupled periodically to hot and cold
baths. The properties of this quantum working substance
are determined by the level structure of the particle when
it is coupled to the hot and to the cold baths. We opti-
mize the level structure to produce maximal work output
per cycle. When the cycle time is fixed this is equiva-
lent to power optimization. The classical optimization
described earlier can be called “external” as it involves
the optimization of the coupling process to the external
bath. The maximum power in this case originates from
the fact that reaching a thermal equilibrium with the
baths is time consuming. Yet our optimization is “inter-
nal” as we optimize over the working medium properties
(the level structure). We will assume that the baths is
coupled for sufficiently long period to effectively reach
equilibrium for all practical purposes. This assumption
is very reasonable when only one particle needs to be
thermalized (and not a whole medium filled with parti-
cles). Yet, the analysis here includes the case of partial
“swap” thermalization [15] (ξ 6= 1). It is remarkable that
2for the most basic constraints the results of this inter-
nal structure quantum optimization are identical to the
classical external coupling optimization.
We consider a generic single particle four-stroke Otto
cycle. In the adiabatic strokes the energy levels of the
particle (engine) change in time without changing the
populations (see discussion in [15] on ways of achieving
this in a short time). In the thermal strokes the sys-
tem is coupled to hot and cold baths. If the system is
coupled for periods that exceed a few relaxation times,
it is plausible to assume a full thermalization has taken
place. As we show in this work, some universal engine-
independent features appear in the ultra-hot limit where
only the leading order in β (inverse of the temperature)
is kept. In some cases, our results hold to order β2 as
well.
The work output of an N -level ultra-hot swap engine
is [15]:
Wultrahot =
ξ
2− ξ
1
N
[(βc + βh)Ec · Eh − βc |Ec|
2 − βh |Eh|
2],
(4)
where Ec(h),i is the i-th cold (hot) energy level of the en-
gine. The energy levels are shifted so that Mean(E) = 0.
The work is energy shift invariant but a zero mean lead
to a more compact form. The swap parameter 0 ≤ ξ ≤ 1
determines the degree of thermalization in the thermal
strokes of the engine. When ξ = 1 a full thermaliza-
tion takes place. This case should hold for any inter-
action that lead to a practically full thermalization re-
gardless of the mechanism that generates it. Before pro-
ceeding we note that the norm of the levels in the ul-
tra hot regime is directly related to several key quan-
tities. For example, the internal energy when couple
to the one bath is tr(ρbEˆb) =
1
N βb |Eb|
2, the purity
is tr(ρ2b) =
1
N +
1
N2β
2
b |Eb|
2, and the heat capacity is
Cv =
1
N β
2
b |Eb|
2
. Another example for the norm signifi-
cance will be given later on. In [15] it was shown that
once the variance (or norm) of the hot and cold levels
are fixed, the maximum work is obtained when the en-
ergy vectors are parallel:
Ec = (1− χ)Eh, (5)
0 ≤ χ ≤ ηc, (6)
where χ, the compression deviation, is related to the com-
pression ratio via C = 11−χ . Condition (6) follows from
the necessary condition for engine operation in the ultra-
hot regime Tc/Th ≤ |Ec| / |Eh| ≤ 1 (see [15]). The exact
expression for the efficiency of an Otto engine with uni-
form compression (5) is [15]:
η = 1− |Ec| / |Eh| = χ. (7)
Despite the equality of (7) it is useful to separate the
notation in order to prevent confusion. The maximal
work in terms of χ and the Carnot efficiency is:
Wχ =
ξ
2− ξ
βcχ(ηc − χ)
|Eh|
2
N
, (8)
where the subscript χ indicates that we have already im-
posed the necessary but not sufficient optimality condi-
tion (5). Notice that Wχ(χ = 0) = 0 (no compression)
and Wχ(χ = ηc) = 0 (reversible limit in Otto engines).
Since |Eh| 6= 0, it follows from (8) that a maximum ex-
ists in the domain χ = η ∈ (0, ηc). The maximal work
in the ultra-hot regime has an inherent universality. It
depends only on the norms |Eh|
2
and |Ec|
2
(or |Eh|
2
and
the compression ratio). The specific energy levels struc-
ture plays no role. All quantum Otto engines [16] with
the same energy variance |Eh|
2
/N, |Ec|
2
/N will have the
same efficiency and same maximal work per cycle (up to
the ξ/(2−ξ) factor in (8)). The finer details of the engine
manifest themselves only at colder temperatures.
WORK PER CYCLE OPTIMIZATION
We start with a few important cases that exemplify
the kinship to the classical case with very little algebra.
First we choose the constraint |Eh| = const. Applying
d
dχWχ = 0 to (8) with fixed |Eh| yields:
η|Eh| =
ηc
2
, (9)
which is the lower limit on the efficiency in the low dis-
sipation model (1). On the other hand the opposite con-
straint |Ec| = const (|Eh| = const/(1− χ)) yields:
η|Ec| =
ηc
2− ηc
, (10)
which is the upper limit on the efficiency in the low dis-
sipation model (1). When applying the symmetric con-
straint |Ec| |Eh| = const then:
η|Ec||Eh| = ηCA = 1−
√
1− ηc. (11)
Although this specific symmetric constraint yields CA ef-
ficiency (2), we shall see that symmetry does not neces-
sarily lead to the CA efficiency in quantum Otto engines.
The CA efficiency was observed in a specific hot quantum
engine in [17]. Another important example follows from
the constraint α |Ec|+(1−α) |Eh| = const that yields the
maximum power efficiency:
ηα =
ηc
2− αηc
. (12)
This efficiency form frequently appears in various clas-
sical systems such as Brownian engines [12], system op-
erating in the low dissipation limit [4], and system with
other thermalization processes [5, 6].
The simple linear constraints studied above can be
solved in a closed form. In what follows we explore the
low efficiency limit for a general constraint and find uni-
versal features.
3A GENERAL OPTIMIZATION CONSTRAINT
As an example for a non-trivial physical constraint that
is characterized by the energy norms, consider the quan-
tum Otto engine studied in [18, 19]. This engine has four
energy levels and it is comprised of two interacting spins
and an external time-dependent magnetic field. In order
to have the same population in the beginning and at the
end of the adiabatic evolution strokes a certain proto-
col must be applied. Using the optimal protocol in [19],
the minimal time for the adiabatic step is proportional
to 1|Eh| +
1
|Ec| (to simplify (24) in [19] we considered the
limit ωf,ωi ≪ j). Thus, for the engine to operate at the
minimal possible time (e.g to maximize the power) the
constraint is 1|Eh| +
1
|Ec| = const. This example shows
that time optimization for maximal power by eliminat-
ing the quantum non-adiabatic effects, manifest itself as
an energy norm constraint. In addition it clarifies that
for observing universality there is a justified need for a
framework valid for more complicated constraints. Ap-
plying ddχWχ = 0 to (8) we get:
d
dχ |Eh|
|Eh|
=
(ηc − 2χ)
2(χηc − χ2)
. (13)
At this point we introduce the constraint function:
G(|Ec| , |Eh|) = const. (14)
that can describe either an implementation constraint or
a design goal. writing:
G((1 − χ) |Eh(χ)| , |Eh(χ)|) = const. (15)
we get the extra equation needed to find χ. The only
limitation on G is that (15) must provide a positive con-
tinuous solution for |Eh| in the domain 0 < χ < ηc. When
|Eh(χ)| can be solved explicitly from (15), then it can be
used to evaluate the left hand side of (13) and obtain
an explicit equation for the optimal χ. Yet, it is simpler
to take the derivative of (15), evaluate ddχ |Eh| / |Eh| and
then use it in (13). Even this simpler method is lim-
ited to very simple constraints and it is hard to see the
underlying universal structure and compare it the classi-
cal results. In what follows we explore the low efficiency
limit, but before doing so we wish to point out that the
solution of (13) and (15) yields an efficiency of the form
η = η(G, ηc). That is, an efficiency that depends only
on the constraint and on the temperature ratio. It does
not depend on the number of levels or on the engine spe-
cific details of the energy level structure Eh. Hence, even
without an explicit solution it is clear there is universal-
ity to all order in χ for hot quantum Otto engines that
are subjected to the some constraint (or requirement).
To the lowest order in χ we can expand:
d
dχ
|Eh| / |Eh| = A+Bχ. (16)
Using (16) in (13) lead to a cubic equation in χ. Since χ is
small we use the lowest order solution χ = ηc2 and replace
the cubic term by χ3 =
η3
c
8 . This yields a quadratic
equation that is correct up to order of η3c . The solution
is:
η =
1
2
ηc + aη
2
c + bη
3
c +O(η
4
c), (17)
a = A/4, (18)
b = B/8. (19)
In order to obtain a and b we need to specify a constraint
function: To evaluate A and B we expand (15) in powers
of χ. Since G =
∑
Fkχ
k is constant in χ, all nonzero
order multipliers Fi>0 should be zero. In particular F1 =
0 yields:
a =
1
4
(
d
dχ
|Eh| / |Eh|)|χ=0
=
1
4
G10
G10 +G01
|χ=0, (20)
where the subscript of G specify the order of derivatives
with respect to the first and second variable (the val-
ues of the variables are omitted for brevity but they are
determined by χ = 0: |Ec| = |Eh| = |Eh|χ=0). From
(20) two important results immediately follow. First, if
the constraint is symmetric G(|Ec| , |Eh|) = G(|Eh| , |Ec|),
then G10 = G01 for χ = 0 and therefore:
asym =
1
8
. (21)
The second result that follows from (20) concerns the
asymmetric case where G10 6= G01 . If G10 and G01 have
the same sign then:
0 ≤ asign ≤
1
4
. (22)
The two extreme values 0 and 14 appear in the |Eh| =
const and |Ec| = const studied earlier.
Notice that in contrast to the classical power optimiza-
tion studied in [3], in the quantum work optimization
studied here the functions η|Ec| is not necessarily an up-
per bound on the efficiency. For example, this is true if
the sign of G10 is different from that of G01. This can be
seen by comparing the leading order of the two cases:
ηquantum =
ηc
2
+
η2c
4(1 + G01G10 )
+O(η3c ) (23)
ηLD =
ηc
2
+
η2c
4(1 +
√
Σc√
Σh
)
+O(η3c ) (24)
4where Σc,h are the baths relaxation time scales [3]. Since
Σc ≥ 0,Σh ≥ 0 it follows that a ≤ 1/4 (for |Ec| = const
a = 1/4). In contrast in the quantum case a can be larger
if G01/G10 is smaller than zero. For example, consider
the constraint |Ec| − (1 − d) |Eh| = const. G01 = d − 1,
G10 = 1 so quadratic term is
1
4dη
2
c . For d = 1 we get the
expected 14 for |Ec| = const, but for smaller d , a > 1/4
. Note that d should satisfy d > ηc . When d = ηc
the Taylor series no longer converges. Physically, beyond
this point the solution is no longer an engine. A more
dramatic non-classical behavior appears when imposing
the constraint sηc |Ec| + (1 −
s
ηc
) |Eh| = const. This is
just the α constraint solved before (12) with α = sηc .
This constraint leads to a positive definite |Eh| for any
−∞ < s < 1. This condition also ensures that the device
operates as an engine (W > 0). Using (12) we get:
ηs =
ηc
2− s
. (25)
This is different from the factor of half predicted for the
linear term from classical linear response theory. In par-
ticular, the efficiency is not bounded by the range ob-
tained from the low dissipation theory (1) [3]. For s = 1
the efficiency is equal to Carnot but |Eh| = 0 so as ex-
pected the work is zero. Notice that this constraint is not
of the form (14) as it involves the temperatures as well.
Consequently, formulas (20) and (23) (as well as (27) that
follows) are not valid. This can be understood by writing
(12) as a series using 11−q =
∑∞
j=0 q
j . When s = qηc all
powers collapse into a linear power of ηc. Therefore, the
truncated perturbation analysis carried out before can
never give the right result for this type of order changing
constraints.
NEXT ORDER FOR SYMMETRIC
CONSTRAINTS
we use the F2 = 0 condition from const = G = F0 +
F1χ +
1
2F2χ
2 + O(χ3) and get for the symmetric case
(Gij = Gji):
d
dχ |Eh|
|Eh|
=
1
2
+
1
4
[1 +
|Eh| (G11 −G20)
G10
|χ=0]χ (26)
The multiplier of the linear term is B and therefore:
ηsym =
1
2
ηc +
1
8
η2c
+
1
32
[1 +
|Eh| (G11 −G20)
G10
|χ=0]η
3
c +O(η
4
c )
(27)
For example for the CA constraint |Ec| |Eh| = const,
G11 = 1, G20 = 0, G10 = |Eh| and indeed we get
the correct factor 116η
3
c . As a second example consider
the efficiency ηα=1/2 (12) obtained from the constraint
|Ec| + |Eh| = const. In this case G11 = G20 = 0 so
the multiplier of the cubic term is 1/32 as can be veri-
fied from the exact expression for the efficiency. Using
the same methods a similar (yet considerably more cum-
bersome) formula can be written for the non-symmetric
case.
EXTENSION TO COLDER ENGINES
Surprisingly the next order in β only adds the following
leading order terms to the work:
ξ
2− ξ
1
N
N∑
i=1
[
1
2
β2cE
3
c,i +
1
2
β2hE
3
h,i
−
1
2
β2cE
2
c,iEh,i −
1
2
β2hE
2
h,iEc,i] (28)
In principle, it complicates the optimization, however if
the Ec, Eh are symmetric with respect to zero then each
term individually sums up to zero and all the results pre-
viously obtained still hold. In particular (28) is always
zero for a two-level systems and systems with evenly-
space spectrum.
We have studied internal optimization of hot quan-
tum Otto engines. Universal features of the efficiency
were identified. For some optimization constraints the
efficiencies at maximal work are the same as the effi-
ciency at maximum power in the low dissipation limit.
Yet, we find constraints for which the efficiencies devi-
ate from the classical results, as they cannot be obtained
from perturbative analysis. In the present case the op-
timization is with respect to the internal properties of
the working fluid, while in the low dissipation limit the
power is optimized with respect to the heat transport. It
is interesting to see if similar universality appears in dif-
ferent engines (e.g. continuous engines) and in different
operating regimes.
Work supported by the Israel Science Foundation.
Part of this work was supported by the COST Action
MP1209 ’Thermodynamics in the quantum regime’.
∗ raam@mail.huji.ac.il; ronnie@fh.huji.ac.il
[1] P. Salamon, J. Nulton, G. Siragusa, T. R. Andersen, and
A. Limon, Energy 26, 307 (2001).
[2] B. Andresen, Angewandte Chemie International Edition
50, 2690 (2011).
[3] M. Esposito, R. Kawai, K. Lindenberg, and C. Van den
Broeck, Phys. Rev. Lett. 105, 150603 (2010).
[4] C. Van den Broeck, Euro. Phys. Lett. 101, 10006 (2013).
[5] Y. Wang and Z. C. Tu, Phys. Rev. E 85, 011127 (2012).
[6] L. Chen and Z. Yan, The Journal of Chemical Physics
90, 3740 (1989).
5[7] P. Chambadal, Les Centrales Nuclaires (Armand Colin,
Paris, 1957)..
[8] I. Novikov, Journal of Nuclear Energy (1954) 7, 125
(1958).
[9] F. Curzon and B. Ahlborn, Am. J. Phys. 43, 22 (1975).
[10] M. Esposito, K. Lindenberg, and C. Van den Broeck,
Phys. Rev. Lett. 102, 130602 (2009).
[11] A. E. Allahverdyan, R. S. Johal, and G. Mahler, Phys.
Rev. E 77, 041118 (2008).
[12] T. Schmiedl and U. Seifert, EPL (Europhysics Letters)
81, 20003 (2008).
[13] Y. Zhou and D. Segal, Physical Review E 82, 011120
(2010).
[14] A. E. Allahverdyan, K. V. Hovhannisyan,
A. V. Melkikh, and S. G. Gevorkian,
Phys. Rev. Lett. 111, 050601 (2013).
[15] R. Uzdin and R. Kosloff, arXiv preprint arXiv:1404.6182
(2014).
[16] Otto engines that reach full thermalization in the ther-
mal stroke. In addition we assume that the non-adiabatic
losses in the adiabatic strokes are eliminated using one
of the methods described in [15].
[17] E. Geva and R. Kosloff, J. Chem. Phys. 96, 3054 (1992).
[18] Ronnie Kosloff and Tova Feldmann, Phys. Rev. E 82,
011134 (2010).
[19] F. Boldt, K. H. Hoffmann, P. Salamon and R. Kosloff,
Euro. Phys. Lett. 99, 40002 (2012).
